Abstract. We generalize the periodicity theorem of Fine and Wilf from the case of free groups to the case of acylindrically hyperbolic groups. This generalization will be used later to describe solutions of certain equations in acylindrically hyperbolic groups and to characterize verbally closed finitely generated acylindrically hyperbolic subgroups of finitely presented groups.
1. Introduction 1.1. The main result. Let A be an alphabet and u, v be two words in the free monoid A * . The word v is called a period of u if there exists n 1 such that v n is an initial subword of u and u is an initial subword of v n+1 . The length of u in the alphabet A is denoted by |u|.
The following periodicity result of Fine and Wilf intuitively determines how far two periodic events have to match in order to guarantee a common period. Theorem 1.1. (see [4] ) Let u be a word in a free monoid A * . If u has periods of lengths p and q and |u| p + q − gcd(p, q), then u has a period of length gcd(p, q).
We reformulate this result for free groups to see an analogy with our Theorem 1.4. The main result of this paper, Theorem 1.4, generalizes this theorem to the case of acylindrically hyperbolic groups (see Section 2 for definitions and papers [7, 8, 3] for properties of acylindrically hyperbolic groups). Definition 1.3. Let Y be a generating set of a group G. Given two elements x, a ∈ G, we consider the bi-infinite path L(x, a) in Γ(G, Y ) obtained by connecting consequent points . . . xa −1 , x, xa, . . . by geodesic segments so that, for all n ∈ Z, the segment p n connecting xa n and xa n+1 has the same label as the segment p 0 connecting x and xa. The paths p n are called a-periods of L(x, a). For a subpath p ⊂ L(x, a) and a number k ∈ N, we say that the path p contains k a-periods if there exists n ∈ Z such that p n p n+1 . . . p n+k−1 is a subpath of p. The vertices xa n , n ∈ Z, are called the phase vertices of L(x, a).
Theorem 1.4. Let G be a group and X a generating set of G. Suppose that the Cayley graph Γ(G, X) is hyperbolic and that G acts acylindricaly on Γ(G, X).
Then there is a function f : N ∪ {0} → N such that the following holds. Let a, b ∈ G be two loxodromic elements which are shortest in their conjugacy classes and such that |a| X |b| X . Let x, y ∈ G be arbitrary elements and r an arbitrary non-negative integer.
If a subpath p ⊂ L(x, a) contains at least f (r) a-periods and lies in the rneighborhood of L(y, b), then there exist s, t = 0 such that ( Observe that if G is a free group, then we can take f (0) = 2 as follows from Theorem 1.2.
Remarks. 1) The main issue of Theorem 1.4 is that the function f does not depend on |a| X and |b| X . Another point is that X is allowed to be infinite. We need this strong statement to deduce Corollaries 1.6 and 1.9 and Theorem 1.8.
2) We do not expect the linearity of f in the general case. However, f can be chosen linear under the additional assumption that a or b contain so-called "large components". We will explain this notion and prove this statement as well as the following theorem in the first forthcoming paper. Theorem 1.5. Let G be a group hyperbolic relative to a collection of subgroups {H λ } λ∈Λ and let X be a finite relative generating set of G with respect to {H λ } λ∈Λ . Set H = ⊔ λ∈Λ H λ . Then there is a linear function f : N ∪ {0} → N such that the following holds.
Let a, b ∈ G be two loxodromic elements which are shortest in their conjugacy classes and such that |a| X∪H |b| X∪H . Let x, y ∈ G be arbitrary elements and r an arbitrary non-negative integer.
If a subpath p ⊂ L(x, a) contains at least f (r) a-periods and lies in the rneighborhood of L(y, b), then there exist s, t = 0 such that (
In particular, a and b are commensurable.
1.2.
Applications of the main result. In the second forthcoming paper, we use Theorem 1.4 to describe solutions of certain equations in acylindrically hyperbolic groups and to characterize finitely generated verbally closed acylindrically hyperbolic subgroups of finitely presented groups. We formulate here some of these results. The last one, Corollary 1.9, solves a problem of Myasnikov and Roman'kov (see Problem 5.2 in [6] ) in the case of finitely generated subgroups.
Recall that any loxodromic element g in an acylindrically hyperbolic group G is contained in a unique maximal virtually cyclic subgroup of G [3, Lemma 6.5 ]. This subgroup is called the elementary subgroup defined by g and is denoted by E G (g). Two loxodromic elements a, b ∈ G are called commensurable if there exist g ∈ G and s, t ∈ Z \ {0} such that a
Corollary 1.6. Let G be a group and X a generating set of G. Suppose that the Cayley graph Γ(G, X) is hyperbolic and that G acts acylindrically on Γ(G, X). Then there exists a number ℓ = ℓ(a, b) ∈ N such that for all n, m ∈ ℓN, n = m, the equation x n y m = a n b m is perfect, i.e., any solution of this equation in G is conjugate to (a, b) by a power of a n b m . The structure of this paper is the following. Sections 2 contains definitions and known results. In Section 3 we define a composition of two 4-gons. Section 4 contains a lemma, which is used in Section 5. In Section 5 we give a proof of Theorem 1.4.
Preliminaries

General notation.
By default all generating sets considered in this paper are supposed to be symmetric, i.e. closed under taking inverse elements. Let G be a group generated by a subset X. For g ∈ G let |g| X be the length of a shortest word in X representing g. The corresponding metric on G is denoted by d X (or by d if X is clear from the context); thus d X (a, b) = |a −1 b| X . The Cayley graph of G with respect to X is denoted by Γ(G, X). By a path p in the Cayley graph we mean a combinatorial path consisting of edges; the initial and the terminal vertices of p are denoted by p − and p + , respectively. The path inverse to p is denoted by p. The label of p is denoted by Lab(p); we stress that the label is a formal word in the alphabet X. The length of p is denoted by ℓ(p). Given two vertices a, b in Γ(G, X), we denote by [a, b] any geodesic path p in Γ(G, X) with p − = a and p + = b.
Recall that a path p in Γ(G, X) is called (κ, ε)-quasi-geodesic for some κ 1, ε 0, if
for any finite subpath q of p.
Hyperbolic spaces.
We say that a metric space X is δ-hyperbolic if it is geodesic and every geodesic triangle in X is δ-thin (see [ If X is a δ-hyperbolic space, p and q are (κ, ǫ)-quasi-geodesics in X such that max{d(p − , q − ), d(p + , q + )} r, then the Hausdorff distance between the images of p and q is less than η. 
is contained in the 3δ-neighborhood of im(p), and
The following definition will help us to shorten the forthcoming proofs.
Lemma 2.5. Let p be a (κ, ǫ)-quasi-geodesic in a δ-hyperbolic metric space X and let µ = µ(δ, κ, ǫ) be the constant from Lemma 2.1. For every three points A, B, C ∈ p such that B lies on a subpath of p with endpoints A and C we have that
Definitions of acylindrically hyperbolic groups. First we recall a definition of an acylindrical action of a group on a metric space.
Definition 2.6. (see [1] and [7] ) An action of a group G on a metric space X is called acylindrical if for every ε > 0 there exist R, N > 0 such that for every two points x, y with d(x, y) R, there are at most N elements g ∈ G satisfying d(x, gx) ε and d(y, gy) ε.
For Cayley graphs, the acylindricity condition can be rewritten as follows:
Definition 2.7. Let X be a generating set of G. Then G acts acylindrically on the Cayley graph Γ(G, X) if for every ε > 0 there exist R, N > 0 such that for any g ∈ G of length |g| X R we have
Recall that an action of a group G on a hyperbolic space S is called elementary if the limit set of G on ∂S contains at most 2 points. (AH 2 ) G admits a non-elementary acylindrical action on a hyperbolic space.
In the case (AH 1 ), we also write that G is acylindrically hyperbolic with respect to X.
2.4.
Elliptic and loxodromic elements in acylindrically hyperbolic groups. Given a group G acting on a metric space X by isometries, an element g ∈ G is called elliptic if some (equivalently, any) orbit of g is bounded, and loxodromic if the map Z → X defined by n → g n (x) is a quasi-isometric embedding for some (equivalently, any) x ∈ X. In the case of groups acting on hyperbolic spaces, there may be other types of actions (see [5, Section 8.2] and [7, Section 3] ).
Let X be a generating set of G. An element g ∈ G is called loxodromic (elliptic) with respect to X if g is loxodromic (elliptic) for the left action of G on the Cayley graph Γ(G, X). In other words, g ∈ G is loxodromic with respect to X if and only if there exist η > 0 and ν 0 such that |g n | X ηn−ν for all n ∈ N.
Equivalently, an element g ∈ G is loxodromic with respect to X if the path L(1, g) in Γ(G, X) is a (κ, ǫ)-quasi-geodesic for some κ 1 and ǫ 0.
Recall that the stable norm of an element g ∈ G with respect to X is the real number defined as
n | X n if this limit exists. The following lemma is quite trivial.
Lemma 2.9. If ||g|| X exists, then the following holds.
(2) ||y −1 gy|| X = ||g|| X for any y ∈ G.
Lemma 2.10. (see [1, Lemma 2.2]) Let X be a generating set of a group G. If the Cayley graph Γ(G, X) is hyperbolic and G acts acylindrically on Γ(G, X), then each element of G is either elliptic or loxodromic with respect to X. Moreover, there exists τ > 0 such that the stable norm of any loxodromic element of G is at least τ .
Corollary 2.11. Let G be a group and let X be a generating set of G. Suppose that the Cayley graph Γ(G, X) is δ-hyperbolic and that G acts acylindrically on Γ(G, X). Then there exist κ 0 1 and ǫ 0 0 such that the following holds: If an element g ∈ G is loxodromic and shortest in its conjugacy class, then the quasi-geodesic L(1, g) associated with g is a (κ 0 , ǫ 0 )-quasi-geodesic.
Proof. We consider two cases. Case 1. Suppose that |g| X 8δ + 1.
Since g is shortest in its conjugacy class, the path L(1, g) is a (8δ + 1)-local geodesic. Then, by Lemma 2.3, L(1, g) is a (3, 2δ)-quasi-geodesic.
Case 2. Suppose that |g| X < 8δ + 1. By Lemmas 2.9 (1) and 2.10, there exists a constant τ > 0 which does not depend on g and such that |g n | X nτ for any n ∈ N. In particular.
We prove that L(1, g) is a (σ, ε)-quasi-geodesic for σ = 8δ+1 τ and ε = 4(8δ + 1). Let p be a subpath of L(1, g). If p does not contain phase vertices of L(1, g), then p is a geodesic path, and hence a (1, 0)-quasi-geodesic. Suppose that p contains at least one phase vertex of L(1, g). Let q be the maximal subpath of p such that q − = g i and q + = g i+n for some i ∈ Z and n ∈ N ∪ {0}. Then
In both cases L(1, g) is a (κ 0 , ǫ 0 )-quasi-geodesic for κ 0 = max{3, σ} and ǫ 0 = 4(8δ + 1). ✷ Recall that any loxodromic element g in an acylindrically hyperbolic group G is contained in a unique maximal virtually cyclic subgroup [3, Lemma 6.5 ].
This group is called the elementary subgroup defined by g; it is denoted by E G (g) and can be described as follows (see [3, Corollary 6.6] ):
Composition of 4-gons
With the term n-gon in Γ(G, X), we mean an ordered sequence of paths p 1 , . . . , p n in Γ(G, X) such that (p i ) + = (p i+1 ) − for i = 1, . . . , n − 1, and (p n ) + = (p 1 ) − . The paths p i are called sides of this n-gon. Thus, the sides are not necessarily geodesics, and they can intersect each other.
Given a 4-gon P = p 1 p 2 p 3 p 4 , we say that p 1 , p 2 , p 3 and p 4 are the left, the top, the right, and the bottom sides of P , respectively. By L(P ), T(P ), R(P ), B(P ) denote the elements of G corresponding to the labels of the left, top, right, and bottom sides of P .
Let P = p 1 p 2 p 3 p 4 and Q = q 1 q 2 q 3 q 4 be two 4-gons in Γ(G, X) such that their top sides have the same label. Then there exists a unique element g ∈ G such that g(q 2 ) = p 2 . Consider the 4-gon g(Q) = r 1 r 2 r 3 r 4 , where r i = g(q i ). Since the top sides of P and g(Q) coincide, we can glue these polygons along their top sides and obtain a new 4-gon S = (p 1 r 1 )r 4 (r 3 p 3 )p 4 in Γ(G, X). In particular, p 1 r 1 is the left side of S. We say that S is the composition of P and Q and denote S by P • Q, see Fig. 3 . Let ψ : Q → P • Q be the label preserving map which sends v to gv for any vertex v of Q. We call ψ the translation map for the pair (P, Q).
Auxiliary lemma
Lemma 4.1. Let G be a group and X a generating set of G. Suppose that the Cayley graph Γ(G, X) is hyperbolic and that G acts acylindrically on Γ(G, X). Then there is a function K : N ∪ {0} → N such that the following holds.
Let b ∈ G be an element that is loxodromic (with respect to X) and shortest in its conjugacy class. Let P and Q be two b-periodic quasi-geodesics in Γ(G, X) and r a non-negative integer. Suppose that p and q are finite subpaths of P and Q such that
and p and q contain at least K(r) b-periods of P and Q, respectively. Then for any phase vertices B ∈ P and A ∈ Q, the element A −1 B centralizes a nontrivial power of b.
Proof. First we define some constants which we use in the proof.
• We fix δ 0 such that the Cayley graph Γ(G, X) is δ-hyperbolic.
• By Corollary 2.11, there exist universal constants κ 0 1 and ǫ 0 0 such that the paths P and Q are (κ 0 , ǫ 0 )-quasi-geodesic.
• Let µ = µ(δ, κ 0 , ǫ 0 ) and η = η(δ, κ 0 , ǫ 0 , r) be the constants from Lemmas 2.1 and 2.2.
• We set ε := 2(8µ + 2η + r). Let R = R(ε) and N = N(ε) be constants from Definition 2.7. We also set S := κ 0 (R + ǫ 0 ) and define
Enlarging the constants if necessary, we may assume that all of them are integers.
We show that K(r) is the desired number. Thus, suppose that p and q contain at least K(r) b-periods of P and Q, respectively. Let B 0 be the leftmost phase vertex of P lying in p and let A 0 be the leftmost phase vertex of Q lying in q (see Fig. 4 ). By assumption, the vertices B j := B 0 b j and A j := A 0 b j , 0 j K(r), are phase vertices lying on p and q, respectively. Let u be the segment of p from p − to B 0 , and let v be the segment of q from q − to A 0 . Without loss of generality we assume that ℓ(u) ℓ(v). Note that ℓ(u) < |b| X .
For 1 i K(r), let C i be the vertex on
. This definition implies the following claim. 
Proof. By Lemma 2.5, we have
2). Considering any geodesic 4-gon with vertices
2) It follows from (4.1) and (4.2) that
On the other hand, by Lemma 2.5, we have
Recall that S := κ 0 (R+ǫ 0 ). For i = 1, . . . , K(r)−S, we consider the 4-gons P i = p 1,i p 2,i p 3,i p 4,i , where p 1,i is a geodesic from A i to B i , p 2,i is the subpath of p from B i to B i+S , p 3,i is a geodesic from B i+S to A i+S , and p 4,i is the subpath of q from A i+S to A i .
Since the top sides of P 1 and P i have the same labels, we can build the composition P 1 • P i . (a) T(
Proof. Statement (a) follows from definition. We prove (b). Using Claim 1, we deduce
Hence, by Claim 2, we have
Analogously, we have |R(
Since G acylindrically hyperbolic with respect to X and
it follows from Claim 3 that the number of elements L(P 1 • P i ), where i runs from 1 to K(r) − S = N + 1, is at most N. Therefore there are different k, l such that
3) We denote this element by z. We have
hence z centralizes b k−l . Recall that A and B are phase vertices on Q and P, respectively. Then A We show that the statement is valid for the function
where κ 0 and ǫ 0 are the numbers from Corollary 2.11 and K is the function from Lemma 4.1. Increasing κ 0 and ǫ 0 , we may assume that these numbers are integers. Suppose that p is a subpath of L(x, a) which contains at least f (r) a-periods (equivalently, p contains at least f (r) + 1 phase vertices of L(x, a)) and lies in the r-neighborhood of L(y, b). We shall prove that a is commensurable with b. 
L(y, b) : For i = 0, 1, we consider the 4-gon Q i = q 1,i q 2,i q 3,i q 4,i , where q 1,i is a geodesic from C i to A i , q 2,i is the subpath of L(x, a) from A i to A i+f (r)−1 , q 3,i is a geodesic from A i+f (r)−1 to C i+f (r)−1 , and q 4,i is the subpath of L(y, b) from C i+f (r)−1 to C 0 .
Since the top sides of Q 0 and Q 1 have the same label (representing the element a f (r)−1 ), the composition Q 0 • Q 1 is defined. Let ψ : Q 1 → Q 0 • Q 1 be the translation map (see Section 3) for the pair (Q 0 , Q 1 ). The map ψ is determined by the element g ∈ G such that A 0 = gA 1 . We have that A 0 = xa This implies (y −1 x)a(x −1 y) ∈ C(b). Since C(b) lies in the virtually cyclic group E G (b), we have |C(b) : b | < ∞. Therefore there exist s, t ∈ Z \ {0} such that (y −1 x)a t (x −1 y) = b s . ✷
